Based on purely geometrical considerations of the level sets of the scalar G(x, t) satisfying the field equation (G -equation), A. Kerstein, T. Ashurst and F. Williams [Phys. Rev. A, 37, 2728 , (1988 ] derived the expression for the mean flame consumption velocity in a 1D premixed turbulent flame in a homogeneous flow of uniform density in terms of the volume average of ∇G(x,t) for a particular choice of the initial condition G(x, t = 0). In the present study we develop further the KAW work in two directions. First, in section 2, in contrast with the KAW approach, we consider the G -equation immediately and, using ensemble averaging, obtain the expression for the mean flame consumption velocity in terms of ensemble averages equivalent to the KAW result. Then, in section 3 the developed approach is applied to the case of homogeneous turbulent flow with a uniform mean strain rate field depending only on time.
INTRODUCTION
The level-set approach is widely used for modeling premixed combustion in various practical applications. It is usually called G -equation in the combustion community. The derivation and detailed discussion of the G -equation can be found in [1, 2] .
The first analytical and numerical studies of the G -equation to predict the mean flame consumption velocity in turbulent flow were carried out by Kerstein et al. [3] (KAW). A one-dimensional (1D) premixed turbulent flame in a homogeneous constant-density flow was considered in the KAW paper. By a particular choice of the initial scalar field G(x, t), namely fixing the modulus of the single non-zero component of the scalar gradient ∇G (x, t = 0) in the direction of the flame propagation to 1, the international journal of spray and combustion dynamics · Volume . 4 · Number . 1 . 2012 -pages 61-76
G -equation was transformed into the field equation for the alternative field h(x, t).
The latter field is statistically homogeneous and this fact considerably simplifies the theoretical analysis. KAW were able, using only geometrical considerations of the level sets of the scalar field G(x, t), to obtain the expression for the mean flame-consumption velocity in terms of volume averages of ∇G(x, t). Later, using the same framework, 1D turbulent flame propagation was studied in several papers [4] [5] [6] [7] .
The goal of the present study is twofold: first, by ensemble averaging of the G -equation, obtain the expression for the mean flame consumption velocity in the terms of ensemble average of ∇G(x, t), which is equivalent to the KAW result. Then, apply the developed approach to the case of homogeneous turbulent flow with uniform mean strain rate field depending at most on time, i.e. when the mean velocity is a linear function of coordinates.
HOMOGENEOUS TURBULENT FLOW. ZERO MEAN VELOCITY
We consider a statistically planar 1D premixed flame in a homogeneous incompressible turbulent flow, developing from the initially planar laminar flame normal to the x 1 direction. In the framework of the G -equation approach [1, 2] , the instantaneous position of the flame surface is associated with the evolution of some level set of a scalar field G(x, t). If the initial position of the flame surface is the level set G 0 , the future evolution of this level set, and hence of the flame surface, is found from the following field equation (1) Following [3] , the initial condition is specified as the linear function (2) ((2) can be replaced by more general linear function G(x, t = 0) = -kx 1 , k > 0).
Here u(x, t) is a homogeneous incompressible turbulent flow field (∇ ⋅ u = 0) with zero mean value . u F is the normal velocity of flame propagation supposed below to be constant, without loss of generality. The statistical average over the realisations of the turbulent field u(x, t) is denoted by overbar. Initially, according to (2) , all level surfaces of G(x, t) are planes normal to the x 1 direction. An arbitrary plane with level set G 0 can be considered as the initial laminar flame. If we denote the initial laminar flame plane position x 1f (t = 0) = x 10 , which is supposed deterministic, then (3) It is assumed that G(x, t) > G 0 in the burned gas, and consequently, as follows from (2), the flame propagates from left to right. Equation (1) is a stochastic partial differential equation (SPDE) with statistically homogeneous multiplicative noise u(x, t). Nevertheless, its solution, the stochastic field G(x, t), is not homogeneous, because of the
initial condition (2) for G(x, t = 0), which is not statistically homogeneous. The consideration of the particular initial condition (2), as was first noted in [3] , plays the key role in the analysis, since it permits transformation of SPDE (1) to the form which admits the statistically homogeneous solution. To this end, we introduce instead of G(x, t) in (1) a new scalar field h(x, t) by the relation
where u T (t) is a not yet defined deterministic velocity, which depends only on time. The initial condition for h(x, t) (5) follows from (2) and (4). The ensemble average of (4) gives (6) The velocity u T (t) is chosen from the requirement that h(x, t) is a statistically homogeneous field with mean zero-value, i.e.
(7)
We demonstrate now that this requirement can be satisfied and then derive the relation for u T (t) in terms of G(x, t). By inserting (4) into (1) we obtain (8) where u 1 = u ⋅ i is the longitudinal velocity component, i denotes the unit vector in the x 1 direction, and u ⋅ i is the scalar product. Equation (8) , similar to (1) , is a SPDE with homogeneous multiplicative noise u(x, t). The initial field h(x, t = 0) is homogeneous due to (5) . Therefore, if (7) is satisfied, then from (4), (6) it follows that the solution of (8) h(x, t) is the statistically homogeneous fluctuating part of the field G(x, t) in the decomposition (9) (9) is similar to Reynolds decomposition of a scalar in homogeneous turbulence with uniform mean scalar gradient. Performing the average of (8) results in
.
The third and fourth terms in LHS of (10) containing the turbulent velocity u(x, t) are equal to zero. Indeed, by definition and the correlation depends at most on time, since both u(x, t) and h(x, t) are statistically homogeneous fields. The factor on the RHS of (10) depends only on the time, by virtue of the homogeneity of the field h(x, t). The constraint (7) holds, if we take the not yet defined deterministic velocity u T (t) in (10) (7), (6) becomes (12) Therefore the mean field obeys the following equation
where we took into account that, by virtue of (12)
that is the gradient of the mean scalar field is maintained. We note that (13) can be obtained by immediately averaging (1) and taking into consideration that the correlation depends at most on time. (14) looks very much like a renormalization procedure, but it should be stressed that (11), (14) are valid only for the initial condition (2). Eqs (12), (13) show that the velocity u T (t) is the propagation velocity of the isosurfaces , which are the planes normal to the x 1 axis. Let us consider the isosurface , and denote its longitudinal coordinate as , i.e. . According to (3)
Then (12) yields
, ,
0
The interpretation of (17) is straightforward for a single-valued instantaneous flame surface: _ x 1f (t) is the mean flame position. One might wonder what interpretation of _ x 1f (t) is possible in the case of a multivalued/disconnected instantaneous flame surface. Can we associate with _ x 1f (t) the mean flame position? We need also to prove that the propagation velocity u T (t) is equal to the mean flame consumption velocity u c T (t), which for a 1D turbulent flame is defined by the wellknown relation (e.g. [2] ) (18) where is the instantaneous flame surface-to-volume ratio. It is important to note that this equality is not evident. Indeed, (11) is a local onepoint mean quantity, but (18) is the integral of the mean flame surface-to-volume ratio over the x 1 axis. We will see, later on, that the initial condition (2) is the key point in the proof.
To answer the questions posed, we will use the approach developed in [8] . We assume the existence of two planes x _ < 0 and x + > 0 such that to the left of plane x _ , and to the right of plane x + almost certainly the burned gas and, respectively, unburned gas are found at any instant. In other words, the probabilities of appearence of unburned gas at x 1 < x _ and burned gas at x 1 > x + are disregarded. The values of |x _ | and x + can be as large as we need to satisfy these conditions, but finite. Such a choice is always possible and will allow us to deal with bounded integrals in what follows. The final result does not depend on x _ and x + . Let us calculate now the total length l b (x 2 , x 3 , t) of intervals along the ray , occupied by the burned gas [8] , i.e. the intervals where G(x, t) > G 0 (19) Here c(G 0 , x, t) is the combustion progress variable (see e.g. [2] ) and H(ϕ) is the Heaviside step function equal to zero for ϕ < 0 and unity for ϕ > 0. For the sake of notational simplicity we omit below the dependence of c(G 0 , x, t) on the variable G 0 .
The proof that u T (t) 
international journal of spray and combustion dynamics · Volume . 4 · Number . 1 . 2012 In the third rewriting in (21) we applied the average equation for the combustion progress variable c(x,t) for a 1D turbulent flame
The last rewriting in (21) makes use of the fact that, by virtue of the choice of x _ and
Eqs. (18), (21) coincide, since
Before we proceed with the second step of the proof, we need to introduce an additional quantity. Let us define a quantity X 1f (x 2 , x 3 ,t) = l b (x 2 , x 3 ,t) + x _ , which can be considered as the instantaneous longitudinal coordinate of an equivalent flame At the second step we apply the alternative method to compute
t). It is based on the use of the identity H(G(x, t) − G) = 1 − H(G − G(x, t)). It implies that the one-point integral probability function of G(x, t),
and the mean combustion progress variable are linked by the following expression (28) To simplify the notations the same letter G is used here for the sample space variable corresponding to G(x,t). The derivative is the probability density function of G(x,t), i.e. the normalization condition and the definition of the mean field read (29), (30) where (12) is taken into account. The combination of (25) and (28) leads to the relation for
The integral in the last rewriting of (31) can be evaluated by using the following observation. In general, the probability function F(G, x 1 , t) depends on three arguments, a value of the sample space variable G, x 1 , and t. But for the case when G(x,t) solves (1) with the initial condition (2), the field h(x,t) in the decomposition (9) is statistically homogeneous. As a consequence, the G value and x 1 enter into F(G, x 1 , t) through the combination (again the same letter h is used here for the sample space variable corresponding to h(x,t)), i.e. 
(
, ( , ) ( , , )
( , , ).
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To calculate the integral in the last rewriting of (31), we first transform the integration over x 1 into the integration over h 0 using the change of variables dx 1 = dh 0 at fixed G 0 . Then we integrate it by parts. This results in (35) where we took into account (32), (34), which, in correspondence with the chosen x _ and x + , become The second one concerns the relation between x1f (t) and 
,
which follows from the comparison of (17), (27), by virtue of (39). The last relation highlights the physical meaning of the longitudinal coordinate x1f (t), linked with the isosurface . We conclude that it is the mean value of the instantaneous longitudinal coordinate of an equivalent flame surface X 1f (x 2 , x 3 , t) that would separate the unburned and burned gases if all the reactants (products) were moved to the right (left) half-space (with respect to the surface), introduced by (23).
We conclude this section, noting that relation (11) for the mean flame propagation/consumption velocity is equivalent to the KAW result (see equations (11)-(12) in [3] ), since ensemble averaging in (11) can be replaced by volume averaging due to the ergodic theorem.
UNIFORM MEAN STRAIN RATE FIELD
A similar derivation can be applied to statistically homogeneous flow with a uniform mean strain field, in which the velocity field is described by Both fields are assumed incompressible, . As in section 2, v(x, t) is a statistically homogeneous field. The functions A ik depend at most on the time. There is an implied summation over the repeated indices. Since the mean flow velocity is supposed incompressible, the trace of the matrix A ik (t) vanishes (43) Let us consider the same initial problem (1)-(3) as in section 2. It should be stressed that the uniform mean strain not only extends or compresses the mean flame surface, but in general turns it, and, as a result, introduces net lateral propagation. For this reason, the normal vector to the isosurfaces changes its direction over the course of time. Therefore the KAW geometrical approach [3] is difficult to apply to the case with uniform mean strain field. Analogously to section 2, we perform the Reynolds decomposition of the field G(x,t)
where the field h(x,t) is a statistically homogeneous fluctuating part of G(x,t), satisfying (5) and (7) . Mean is a linear function of
The mean obeys the following equation
The quantity u TN (t) is the propagation velocity of the isosurfaces . (46) can be obtained, as in section 2, by the immediate averaging (1) and taking into account that the correlation depends at most on time. As distinct from section 2, the modulus of the gradient of the mean scalar field is not maintained for a uniform mean strain field, as will be shown later on (68).
According to (45), the isosurfaces of are the planes which are turned by the uniform mean strain. The equations for h(x,t) and the vector are found in the following way. We substitute (44) and (45) The sum of the third and fourth terms in (48), which are linear functions of x, can be cancelled if the functions g i (t) obey the system of equations (50) with the initial conditions (51) Equation (48) then becomes
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where ζ − and ζ + play the same role as x − and x + in the procedure described in section 2 to obtain (21). Integrating (56) over ζ from ζ − to ζ + we find
Now, as in section 2, we compute using the identity (28) We have (60) The integral probability function F(G, x, t) for the statistically homogeneous field
The definition of the coordinate ζ = n ⋅ x, (45) and (54) are used in the last expression of (61). The integral in (60) is calculated similarly as in section 2. We find (62) (63)
In the first rewriting in (62) we transformed the integration over ζ into the integration over h 0 using the change of variables dζ = dh 0 at fixed G 0 . Then, we integrate it by parts, and, finally, take into account (32), (34), which, in correspondence with the chosen ζ − and ζ + , become 
